An affine manifold is called a manifold with dilations if its holonomy is contained in a group of the form G = N x (A x K) c Aff(@), w h ere N is a nilpotent group acting simply transitively on IEe; K is a compact subgroup, and A is a l-parameter subgroup of "dilations".
For some nice Riemannian manifolds, the holonomy actions determine the manifolds.
For example,
A (Kuiper, Fried) . A compact connected similarity n-manifold (n b 2) is either a Euclidean space-form or finitely covered by a Hopf manifold S' x S"-'.
B (Miner) .
A compact spherical CR-manifold with amenable holonomy is finitely covered by S*+' , 5" x S*+*, or a compact quotient of the Heisenberg group by a lattice.
C (Kamishima) . For a conformally flat manifold M, if the holonomy group is virtually solvable, then M is either a spherical space-form, Euclidean space-form, or finitely covered by a Hopf manifold St x S"-'.
There are very few compact manifolds which admit a similarity structure [6, 9] . In fact, up to finite quotients, only flat tori and Hopf manifolds (manifolds which are homeomorphic to S' x Se-') admit similarity structures. Manifolds modeled on the boundaries of complex and quartemionic hyperbolic spaces must again be finitely covered by either nilmanifolds or Hopf manifolds. We add one more to this list.
An affine manifold is called a manifold with dilations if its holonomy is contained in a group of the form G = N x1 (A x K) c Aff(e) = lRe XI GL(C,lR),
where N is a nilpotent group acting simply transitively on lEe; K is a compact subgroup, and A is a l-parameter subgroup of "dilations", that is, the infinitesimal generator (Y of with respect to some basis of IEe. Note that LY is an "expanding map" and ak = kcr. Let N be a connected, simply connected nilpotent Lie group. A smooth automorphism f : N + N is expanding if for some left invariant Riemannian metric on N there exist c > 0, X > 1 such that ]lDf"w]l 2 cXrnll~]l for all u E TN and all integers m > 0. There is also a concept of expanding endomorphism on a compact manifold, and it is known [7] that any expanding endomorphism of an arbitrary compact manifold is topologically conjugate to an expanding endomorphism of an infranilmanifold. The converse is not clearly understood: Which infranilmanifolds admit an expanding endomorphism? It is known that every 2-step infranilmanifold admits an expanding map. There are nilpotent
Lie groups which do not admit any expanding map [5] . Also it is known that there are connected, simply connected nilpotent Lie groups which do not admit any complete affine structure [3] . The aim of this paper is to prove the following. Notice that we need a strong condition: the holonomy group acts on the image of development map as a covering transformation. This generalizes Kuiper's result [9] and also generalizes [6] , but with the above extra condition on the holonomy action. The readers are referred to [12] for an example where a development map is not a covering map. There was an attempt to prove this theorem without this assumption by Aebischer and Miner [ 11. '
Conjecture. Theorem is true without the condition on the holonomy group action for dim(N) 3 3.
Recall that our G = N x (A x K) is embedded in Aff(C) already. Let
Since N acts simply transitively on E e, N n Q is trivial. Therefore, the subgroup of Aff(!) generated by N and % is the semi-direct product N x U, and it acts on N as a subgroup of N >a Aut(N) = Aff(N), N as left multiplications and 5% by conjugation.
Thus, for ((b, B), (0, h)) E N >a !2l and (z, X) E N,
Since N >a Q C Aff(!), there is a natural action of N x !2l on I@ defined by
The evaluation map eve : N + IEe is given by evo(z, X) = 2.
Since N acts simply transitively on IEe, eve is a diffeomorphism. The above equalities show the map
is equivariant. Notice that our groups A and K both lie in U.
Proof of Theorem
The kernel and image of the holonomy map h : YTI (M) + G = N >a (A x K) will be denoted by K: c ~1 (M) and r c G, respectively. Let R c Ee be the image of the -development map D : M 4 lEe. The crucial point is the assumption that the development ' We thank Robert Miner for sharing the ideas in [I] . Proof. We shall prove more general fact: Let X be a locally compact Hausdorjf space, H a subgroup of TOP(X), the group of homeomorphisms with compact-open topology.
Suppose there exists an H-invariant open subset R of X such that H acts on R properly discontinuously, Then H is discrete in TOP(X).
Suppose H is not discrete. We shall assume X is first countable. (Otherwise, use a net instead of a sequence in the following argument.) Then there is a sequence {h,} in H, (hi # hj for i # j), converging to ho E TOP(X). Pick z E R and a compact neighborhood C of ho(z). Denote the interior of C by Co. Then 
1.2.
Since K is a compact subgroup of Aut(N), there is a left invariant Riemannian metric on N so that N M K c Isom(N). Since M is a closed Riemannian manifold, it is complete. By the above Fact 1 .l, % is diffeomorphic to N, and the holonomy map h is an isomorphism. Consequently, M = ~1 (M)\k? = T\N, where r c N x K. Now we apply a generalization of a Bieberbach theorem [2] which states that r fl N is a lattice of N, and has a finite index in r. We conclude that r is an almost Bieberbach group, and M is an infranilmanifold. In fact, the uniqueness can be shown as follows also: Let 2, y E N be solutions to the above equation. Set y = za. Then an easy calculation shows a(lc(a)) = a. However, (Y is an expanding map, and k is an isometry. Therefore, there cannot exist any a E N such that cr(k(a)) = a other than a = e. Consequently, y = z.
Since A x K c Aut(N) acts on N by conjugations,
Claim 2.4. There does not exist a sequence {t,h,: n E IV} in r such that tihi # tjhj for i # j, t, E N x A, h, E K, and {tn} converges to the identity.
Proof. Assume otherwise. Since K is compact, one can find a convergent subsequence { hni: i E N}. Since {tn} c N x A converges to the identity, (t,,h,,: i E W} converges (to the limit of {h,<}). This is a contradiction, since F is discrete by lemma. 0
Claim 2.5. Under the natural projection q : N >o (A x K) --f A x K -+ A, the image of r is isomorphic to Z.
Proof. Since we are assuming q(r) is nontrivial, it is enough to prove that the image is a discrete subgroup of A.
Pick an element ucrk E r with a E N, Q E A and k E K. By Claim 2.3, there exists A E N such that X-l bak . X = ak. Clearly q(r) = q(X-'TX). Let s = ak E A-'I'X.
We may assume that ct is expanding by taking s-' if necessary.
Assume q(r) is not discrete. Then there exists a sequence {u,y,k,: n E IV} in r (a, E N, 7n E A, k, E K) such that ^(n's are all distinct and 7n + identity. Since Y~'S are distinct, unTnkn's are distinct. Because A commutes with K, we have s-' u,y,k, . s = .~-'(a,) .1;2 . kb,
Since k is an isometry and QI is an expanding map of lEe, {~-'(a,): T E N} converges to e E N by Remark 2.1. Thus, by conjugating by some negative powers of s = ak (varying according to n), we can make a, -+ e, while leaving yn unchanged (though k, will change, still inside K). Consequently, we get a sequence {a~y,k~,: n E IV} of distinct elements such that t, = ahyn --t identity. This is a contradiction to Claim 2.4.
Thus the image of r under the projection N H (A x K) 4 A is discrete, and hence is isomorphic to Z. 0 2.6. We start with the element bark E I' such that a E Z c A is the unique expanding generator of Z by Claim 2.5. Apply Claim 2.3 to this element to find X E N such that ale = X-' . bcYk . X E A-'TX.
From now on, we work with the group X-'TX instead of r. This does not change our manifold, because the affine map X-' induces an affine diffeomorphism r\R + (X-l rX)\X-' (R). Therefore, we may assume cvk E r with k E K, and a E A is the unique expanding generator of Z c A 2.7. We show rnN is trivial. Let r' := rnN. Since r is discrete, so is P. Since N is normal in G, s = ak normalizes r*. Let a E r*. Since s-' is a shrinking automorphism of N, s-"(a) = sAnosn E r* converges to e as n. --+ cc by Remark 2.1. Note that all smn(a)'s are distinct unless a = e. If a # e, this violates the discreteness of I'*. Thus a = e, and r* must be trivial. 
2.9.
We show r c A x K. Recall that our ak E r is such that Q E A is the expanding generator of Z c A. For any element uyh E r, we claim that a = e. Since Q is a generator of Z, there is an integer p such that y = o-p. Then Proof. Since r is a discrete group, F = r n K must be a finite group. The short exact Proof. Since F is a finite group, conjugation by Ic (as an automorphism of F) has finite order, say p. Therefore r contains a central subgroup pZ = ((alc)p) with quotient F x Zp.
Note that F c K, but Zr, came from ale E A x K with the A-component nontrivial. We shall choose G = N x (A x SO(2)), w h ere A is the l-parameter subgroup generated by PI, as our group for the geometry. 
I)
where c = cos ~VT and s = sin ix. This completes a description of the holonomy group r c Aff(E3). The developing image is E3 -{0}, and the holonomy group is r = (pk, k3). The quotient r\(IE3 -0) is an incomplete compact affine manifold. Of course, r\(E3 -0) is finitely covered by the Hopf manifold (pk)\(lE3 -0) = S' x S2.
